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Viscous/Inviscid Analysis of Transonic Shock-Induced
Separation Including Normal Pressure Gradients

D. E. Edwards* and J. E Cartert}
United Technologies Research Center, East Hartford, Connecticut

M. M. Hafezt
Computer Dynamics, Inc., Hampton, Virginia

An analysis based on an interacting boundary-layer theory is presented for the prediction of transonic shock-
wave/boundary-layer interaction with emphasis on turbulent separated flow. In this analysis, finite difference
techniques are used to iteratively solve the viscous layer equations, expressed in a defect form, coupled to a
stream function representation of the inviscid flow. Normal pressure gradients and imbedded shock effects are
included in this analysis. Favorable comparisons obtained with the separated flow data of Kooi demonstrate
that, for transonic shock-induced separation, the effect of displacement thickness interaction dominates over
that produced by imbedded shock effects and normal pressure gradients. Calculations made with a modified
algebraic turbulence model demonstrate that, for separated flow cases, the computed results are more sensitive
to the turbulence model than to whether or not normal pressure gradients are included.

Introduction

HE prediction of the flowfield in transonic shock-

wave/boundary-layer interaction is an aerodynamic prob-
lem of immense practical importance in both external
aerodynamics and turbomachinery applications since this flow
phenomenon has a large influence on the overall acrodynamic
forces and often determines the upper limit in performance of
each aerodynamic component. The intersection of a shock
wave with a turbulent boundary layer in transonic flow results
in a complex flow pattern, as shown in Fig. 1 for separated
flow. Flow separation generally results in a bifurcation of the
shock wave into a front and rear leg near the wall, with a
vortex sheet emanating from the triple point. A separation
bubble of slow recirculating flow occurs at the foot of the
shock wave in the lower portion of the viscous layer. The short
streamwise length scale of the interaction region results in a
rapid turning of the flow that is generally thought to induce
large normal pressure gradients in the viscous layer. The over-
all objective of the present paper is to present a reliable and ac-
curate method for the prediction of the detailed properties of
the flow occurring when a transonic normal shock wave, of
sufficient strength to cause flow separation, impinges on a tur-
bulent boundary layer. Only the flow in the immediate vicinity
of the shock-wave/boundary-layer interaction has been con-
sidered, since the focus of the present work was to use the
analysis developed herein to give a better understanding of the
relative importance of imbedded shock effects and normal
pressure gradients in transonic shock-induced separation.

Numerous attempts have been made in recent years to
develop an improved theoretical understanding of transonic
shock-wave/boundary-layer interaction. These approaches
range from the asymptotic apalyses by Melnik and
Grossman,! Adamson and Feo,? and Messiter’ to a more
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general treatment through the numerical solution of the
Reynolds-averaged Navier-Stokes equations, such as the
work of Viegas and Horstman*® and Shea.® An excellent
review of recent work on transonic shock-wave/boundary-
layer interaction is presented by Adamson and Messiter.®
Despite the advances made in this previous work, there still
exist significant limitations that must be overcome in order
to develop a reliable, accurate prediction method for tran-
sonic shock-induced separation. In particular, the asymptotic
methods are currently limited to weak shock waves for which
the flow remains attached; alternately, accurate numerical
solutions for the Navier-Stokes equations are difficult due to
the requirement that the grid must be carefully chosen to
capture the flow phenomenon occurring at different length
scales in the interaction problem.

A different approach has been taken in the present paper
that is based on the concepts of interacting boundary-layer
theory (IBLT). This approach assumes that, for high
Reynolds numbers, the flow can be divided into viscous and
inviscid regions even if flow separation is present. In recent
years it has been successfully demonstrated that IBLT can be
used to provide an accurate description for subsonic strongly
interacting flows in which the separation is induced by a con-
tinuous adverse pressure gradient. For discontinuous
pressure gradients, that is, shock-induced separated flows, a
generalized IBLT model based on the defect formulation
developed by LeBalleur,” and subsequently utilized by East?
and Lock and Firmin,? has been adopted for the present
study. In defect formulation the governing equations in the
viscous layer are expressed as the difference (or defect) be-
tween the viscous and inviscid flow equations. Although this
model is not based on a rational asymptotic expansion of the
Navier-Stokes equations, the defect formulation permits the
generalization of IBLT to include the imbedded shocks and
normal pressure gradients in the viscous region that are
generally thought to be significant in transonic shock-
induced separated flow.

The present paper, which is a condensed version of Ref.
10, presents a generalized viscous-inviscid interaction flow
model that consists principally of a differential treatment of
the defect formulation laid out by LeBalleur,” utilizing a
generalization of the inverse boundary-layer method of
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Carter!! coupled to the inviscid stream function method of
Hafez and Lovell.'> The experimental data of Kooi!*' is
used to evaluate this approach. Numerous conclusions are
drawn from the present study; the principal one is that
displacement thickness coupling is the dominant effect that
must be included in the prediction of separated transonic
shock-wave/boundary-layer interaction.

Analysis
Formulations of the viscous and inviscid flow regions are
presented in this section followed by a discussion of the
viscous-inviscid interaction procedure that is used to couple
the two flow analyses. In addition, a brief discussion of an
improved algebraic turbulence model developed in this in-
vestigation is presented.

Viscous Formulation

It is assumed that the Reynolds number is sufficiently
large for the flowfield to be represented by interacting
boundary-layer theory, whereby the entire flowfield is
divided into a viscous region near the surface and an inviscid
region outside of the viscous layer. At a sufficiently large
distance from the surface, the viscous solution is required to
merge smoothly into that for the inviscid flow as shown in
Fig. 2 for the u component of velocity. Therefore, it is con-
venient to write the viscous layer equations as the difference
between the real viscous flow (RVF) and the equivalent in-
viscid flow (EIF), where the latter results when the inviscid
flow is solved in the interior of the viscous region.
LeBalleur’ was the first to write the viscous equations in this
defect form; Lock and Firmin® have further explored this
and introduced the concepts of RVF and EIF mentioned
above.

The defect form of the riondimensional viscous-layer equa-
tions used in the present study is written as follows in terms
of the x,y Cartesian coordinates and the corresponding com-
ponents, # and v, in which the i subscript is used to denote
the variables in the EIF:

(¥ —y,)
‘T—zpu_piui 1
'y
" ou " ou; Y du 3 du
P % TP ey T Tax oy | ax oy
~ 6ﬁ+1[6(+)6u] o
B dx Re, Lay pre oy

where p=p—p;. For this study, as will be discussed later, p
is assumed to equal zero. It has been found convenient to
replace the v component of velocity in the viscous-layer
equations with the stream function, using the relation
dy/3x = — pv with the continuity equation now replaced with
Eq.. (1).. An eddy viscosity representation given by
(e/Re,)du/dy = —pu’v’ has been used in Eq. (2) to repre-
sent the Reynolds stress. The variables in Eqgs. (1) and (2) are
expressed in nondimensional form with lengths scaled by the
upstream boundary-layer thickness 65, velocities by the free-
stream value u¥, pressure by twice the freestream dynamic
pressure pkuX?, density by p¥, and viscosity coefficients by
p¥ . An asterisk is used to denote dimensional quantities.
The Reynolds number appearing in Eq. (2) is given by
Re, =piukds/uk. The viscous formulation is completed
with the Sutherland relation for the molecular viscosity, the
state equation, and the assumption of constant total en-
thalpy since only adiabatic flows have been treated.

It is observed that the EIF in Eqgs. (1) and (2) has been ex-
pressed in terms of the Euler equations instead of the stream
function equation used to represent the inviscid flow, as will
be described later in this section. This step is taken to ensure
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Fig. 2 Viscous-inviscid matching of velocity profile.

that, as the edge of the viscous layer is approached, the im-
position of the boundary conditions

u—u;, ‘//_’1//1 3)

results in.a smooth merging of the viscous and inviscid solu-
tions as shown in Fig. 2 for the # component of velocity. At
the surface, y=0, the usual viscous boundary conditions

u=0, y¢y=0 @
are imposed.

Transformed Viscous Formulation

Based on previous work in the analysis of separated
viscous flows,!! the finite difference solutions of the govern-
ing equations are facilitated by the use of a modified form of
the Levy-Lees transformation, which is given by

= So Pirlhippydx = ;1 h(x)=nh(x) &)
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where the ir subscripted quantities denote the inviscid solu-
tion at a reference surface such as the wall or displacement
body, and the function Z(x) is used to control the laternal
extent of the computational region of the viscous analysis. In
this investigation, A(x) was set to §*/6, where & is the
boundary-layer thickness.

In the present analysis, the inviscid flow is permitted to
vary over the viscous-layer thickness due to the strong
viscous-inviscid interaction that occurs when a transonic
shock wave impinges on a turbulent boundary layer.
Therefore, it is necessary to account for this inviscid varia-
tion by generalizing the displacement thickness definition to

5 8
Sé‘ pudy = S . oudy 6)

which states that the mass flow in the EIF is equal to that in
the RVF. In the present investigation, it has been found con-
venient to use an alternative displacement thickness defini-
tion given by

5* =
Pyl

)
|, o —puyay ™

Lock and Firmin® have explored the difference in these two
definitions of 6* and have concluded that they differ less
from each other than they do from the classical definition
obtained by setting p,u; =p,u, in Eqgs. (6) and (7), which

leads to
8
5*=S (1— U >dy ®)
0 Pelle

where p,u, is constant across the boundary layer.

In the viscous layer, it is convenient to use a perturbation
stream function f to represent the difference between the
viscous and inviscid stream functions written as

Y=y, =m(1-f) 9)

where m=p;u,;,6* is the perturbation mass flow. As y—oo,
f—1, so that the viscous stream function merges smoothly
with that of the inviscid solution. At the surface y=0, the
usual boundary condition ¥ =0 is imposed by setting f=0,
since at the wall the displacement thickness induced inviscid
stream function is set to

Yi(x,0)=—m (10)

A detailed derivation of this inviscid surface boundary con-
dition is presented in Ref. 10.

In first-order theory, where the inviscid flow velocity is in-
variant on the scale of boundary layer, the inviscid stream
function varies linearly in the viscous region. Hence, a sec-
ond perturbation stream function y, is introduced that
denotes the deviation of the inviscid stream function from its
first-order linear variation. This function is given by

Ya=di—m(n—1) an

which when combined with Eq. (9) yields the following form
for the viscous stream function:

y=m(n—f)+y, (12)

The defect form of the viscous-layer equations given in
Egs. (1) and (2) is transformed with the independent
variables given in Eq. (5) and the dependent variables, other
than the stream function, scaled as follows by the inviscid
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solution at the reference surface:

The transformed equations become

af 1 1 Y,
—m = (1= pF) +— 14
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The boundary conditions imposed on the viscous formula-
tion are given by

7=0, F=f=0 (16)
f—o, F—F, f-1 an

The imposition of an outer boundary condition on the
stream function permits these equations to be solved in the
inverse form, that is, the unknown pressure gradient
parameter 8=(1/u;)/(du;/d¢) is deduced along with the
viscous solution for a prescribed distribution of the perturba-
tion mass flow m. This approach allows the present
generalized viscous formulation to be incorporated into the
interaction iteration procedure that has been successfully
used in numerous studies'* on first-order viscous-inviscid
interaction. It is observed that the present analysis is easily
reverted back to a first-order formulation in which the in-
viscid flow quantities are invariant across the boundary layer
by setting F,=p,=T,=1, and ¥,=0. In this case u;=u,,
0;=p., p;=p. where the edge quantities, denoted by the e
subscript, are constant at each x station along the surface.

Equivalent Inviscid Flow

The inviscid flow solution in the interior of the viscous
layer, which is referred to as the equivalent inviscid flow
(EIF), is required for two purposes in the present viscous-
layer formulation. First, it is needed since the viscous equa-
tions have been written as the difference (defect form) be-
tween the EIF and the real viscous flow (RVF); and second,
in the present calculations, the viscous streamwise pressure
gradient has been approximated as the inviscid streamwise
pressure gradient (p=0) for y>6*. Below y=46*, it is
assumed that the streamwise pressure gradient is now in-
dependent of y and equal to that of the EIF at the displace-
ment surface, which is a reasonable approximation for y<é*
since it is known that the normal pressure gradient in the
RVF is zero at the flat wall. This treatment of normal
pressure gradients assumes that the pressure variation across
the outer part of the viscous layer is that of the inviscid flow
induced by the rapidly curving displacement surface. It is
recognized that this treatment is approximate but, as pointed
out by LeBalleur,” it is more complete than the Prandtl
assumption of constant pressure across the boundary layer.
If warranted, a more general defect formulation, which in-
cludes the normal momentum equation, is available as
originally shown by LeBalleur and derived for the present
approach in Ref. 10.

In order to accommodate this treatment of the pressure
gradient, the inviscid reference surface, about which the
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viscous formulation is normalized, has been chosen as the
displacement surface at n=1. Hence, the ir subscripted
quantities have been taken as the inviscid solution at y =6*.
In the global viscous-inviscid interaction procedure, just
before the viscous solution is updated, the required input
from the EIF is computed. Using the current value of &*,
linear interpolation in the y direction is performed at each x
station to determine the inviscid ¥ component of velocity and
the density at y=6*. Denoting these values as u, =u;* and
pir =ps, respectively, we now compute the 4 distribution of

Fi=u/uf, p;=p,/pf (18)

and the perturbation inviscid stream function ¢, from

o=\ -1 di (19)

using the trapezoidal rule of integration. Below the displace-
ment thickness F;=p;=1 and thus ¢, =0 in this region, so
that the y dependence of the inviscid streamwise pressure
gradient is eliminated.

The viscous-layer equations with the imposed EIF are
solved with an implicit finite difference that is first-order ac-
curate in the ¢ coordinate and second-order accurate in the %
coordinate. The finite difference representation of the EIF
terms is treated identically to the corresponding viscous flow
convection terms, thereby insuring that these terms are
numerically in balance as the edge of the viscous layer is ap-
proached. Other than the inclusion of the EIF terms, the
numerical treatment is identical to that used previously in the
first-order viscous analysis.!!

Inviscid Formulation

The inviscid solution used in the present study was ob-
tained from the numerical solution of the second-order
stream function equation

a (1 a\p,.) 3 <1 a¢,.>
) e )= = 2
ax \p; Ox * ay \p; dy ¢ 20)

which is obtained from combining the definitions of vorticity
and stream function. The numerical method used to solve
Eq. (20) is that developed by Hafez and Lovell'? for transonic
flow. Prior to their work, difficulties had been encountered
in the use of the stream function approach in the transonic
speed range, since the density is a double-valued function of
the mass flux (there is a subsonic and supersonic branch).
Hafez and Lovell presented a method that overcomes this
difficulty, thereby allowing solutions to the stream function
equation to be obtained for transonic flows. This approach
has a major advantage over that based on the potential flow
approximation since it is equivalent to a solution of the
Euler equations, provided the entropy and vorticity pro-
duced by a curved shock or an upstream nonuniformity are

450
My ,— NORMAL SHOCK 35
WAVE
-> 5 c
COMPUTATIONAL REGION } 45
TRIP
STRIP VISCOUS LAYER
IOXF ORI R AN P RS Y ATV #L DA

~¥7,
7 PIITIITFTFTFTFFTITIIFIrrrrrrrr
A 8]

Fig. 3 Kooi experimental configuration and present computational
region (ABCD) (all dimensions in millimeters).
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taken into acount. In the present calculations, the vorticity is
set to zero since the upstream flow is assumed uniform and
the shock is assumed to be straight. However, the usefulness
of the Hafez and Lovell approach for rotational inviscid
flows is demonstrated in Ref. 10, in which predicted solu-
tions are shown to be in good agreement with the asymptotic
theory results of Melnik and Grossman' for a weak shock
wave impinging on a turbulent boundary layer.

The computational region for the analysis of a normal
shock wave impinging on a flat-plate boundary layer is
shown in Fig. 3. At the upstream boundary AB, the incom-
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Fig. 4 Comparison of results from IBLT with experimental data
for transonic normal shock-wave/boundary-layer interaction.
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ing flow is assumed to be uniform, u;=1. At the down-
stream boundary CD, gb-x X=0' calculations were also made
with \// =0 at this boundary with only small changes in the
results. As previously mentioned, at the wall AD, the viscous
induced displacement thickness condition, ¥, (x,0)= —m, is
imposed. For the calculations made to compare the present
method with the experimental data of Kooi,!>!* it was found
necessary (as shown in Ref. 10) to impose conditions along
the outer boundary BC to represent the boundary-layer
blockage effects existing when a shock-wave/boundary-layer
interaction occurs in a tunnel. The conditions imposed are

2

=po.U 21
3 oil; (21

!

where the prescribed distribution of p;u; along BC was
deduced from the experimentally measured static pressure
and the assumption that the total pressure along BC is held
constant.

Viscous-Inviscid Interaction

The iteration procedure used in the present study to couple
the transonic stream function analysis to the viscous for-
mulation is a generalization of a procedure!! that has been
successfully applied in numerous computations of first-order
viscous-inviscid interactions. In this method, the displace-
ment thickness parameter m is simultaneously specified for a
direct (shape-prescribed) solution of the inviscid equations
and for an inverse solution of the viscous-layer equations.
This parameter is then updated based on the following up-
date formula:

Us 5
m”*‘=m”[1+c‘o< —1)] (22)
Uss

where & is the relaxation factor.

In Eq. (22), Uy, and Us denote the viscous and inviscid
predictions, respectwely, of the inviscid velocity along the
displacement surface. In the computed results, to be
presented in the next section, the quantity us has been ap-
proximated as the inviscid velocity at the wall u»,. This ap-
proximation was made to eliminate minor oscillations that
resulted when Us; Was used in the update expression. These
oscillations are probably due to the interpolation required in
the inviscid calculation to find Uz since the grid is aligned
to the wall and not to the displacement surface. This approx-
imation has a relatively small effect on the results, since the
inviscid flow changes only slightly between the wall and the
displacement body.

Modified Algebraic Turbulence Model

It is well known that use of the Cebeci-Smith (CS)
algebraic turbulence model'® generally results in the over-
prediction of the pressure and an underprediction of the
displacement thickness in the analysis of separated turbulent
flow. In the past, it has been found that some improvement
in the predicted results could be obtained by a reduction in
the local values of the eddy viscosity coefficient predicted by
this model. One example of this type of modification is the
Shang-Hankey!” relaxation model, which has been used by a
number of investigators for the computation of separated
turbulent flow. In this model, both the inner and outer layer
eddy viscosity levels are constrained to depart by only a
specified amount from an upstream equilibrium boundary-
layer level. More recently, a simple numerical experiment by
Carter’® demonstrated that a reduction in the outer region
length scale, which Clauser'® deduced as the incompressible
displacement thickness for mild pressure gradient flow,
resulted in similar improvements of the separated flow
predictions as demonstrated by others with the Shang-

“factor 6;../6;,., which is equal to 9/7, and the quantity 0,
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Hankey model. In the study conducted by Edwards,?° the in-
compressible turbulent separated flow data of Simpson et
al.”’ was examined to determine if the length scale used in
the eddy viscosity of the outer viscous region could be in-
ferred from their detailed measurements for the streamwise
velocity profiles and the Reynolds stress distributions. It was
found that if the outer eddy viscosity coefficient was based
on the incompressible momentum thickness instead of the in-
compressible displacement thickness, a substantial improve-
ment was found in the correlation of the maximum Reynolds
shear stress with the local gradient of the mean velocity pro-
file for incompressible separated flow. With this modifica-
tion, the outer region eddy viscosity coefficient is expressed
as

e/pn=0.0168 Hy (/1)U Binc (23)

where the quantity Hp is the flat-plate incompressible shape
me
the incompressible momentum thickness. For flat- plate
flows, this model is identical to Clauser’s model. As will be
seen in the next section, this modified Cebeci-Smith (CS) tur-
bulence model has improved the present predictions for tran-
sonic shock-wave/boundary-layer interaction. Although a
physical explanation of this improvement is lacking, the use
of 8, instead of 8} . as the length scale in the outer layer
tends to reduce the streamwise growth of e in a similar man-
ner as the numerical experiment in Ref. 18 and in the Shang-
Hankey model. It is interesting to note that a detailed ex-
amination of Clauser’s original work,'® in which the classical
outer layer eddy viscosity model was presented, shows that
the length scale could be 6, instead of &, with a suitable
adjustment in the constant of proportionality.

Results and Discussion

In this section, results are presented for the analysis of
transonic normal shock-wave/turbulent boundary-layer
interactions in which the shock wave is of sufficient strength
to separate the boundary layer. The detailed experimental
data of Kooi'>!* has been extensively used in this investiga-
tion to evaluate the present IBLT calculations with and
without the inclusion of normal pressure gradients. Kooi per-
formed a detailed experimental investigation of transonic
shock-wave/boundary-layer interaction in the channel shown
schematically in Fig. 3. A normal shock wave was estab-
lished in this passage by placing a ‘‘choking wedge’’ on the
lower flat plate; the choking wedge was positioned in the
stream direction such that a normal shock wave emanated
from the leading edge of the upper flat plate and impinged
on the lower flat-plate boundary layer, which was tripped to
turbulent near the leading edge as shown in Fig. 3. For
M, =1.4, which is the case computed in the present in-
vestigation, Kooi experimentally deduced that the boundary-
layer thickness 6§ on the lower surface, just upstream of
interaction region, is 6.6 mm. This value of §;§ has been used
to nondimensionalize all lengths in the present results and in
the presentation of the experimental measurements of Kooi.
The x coordinate has been redefined as x= (x—xg)/8§ where
x¢ is the x location of the start of the interaction. A value of
Xx§ =426 mm has been inferred from Kooi’s measurements'3
and has been used to scale the theoretical and experimental
results.

For all calculations, the inviscid mesh consisted of 81
evenly distributed x grid points in the region —4=x=<20 and
21 y grid points nonuniformly distributed such that the
smallest step size occurs at the wall. The outer inviscid
boundary was placed at y=6.8. Approximately eight points
were placed in the boundary layer with the minimum
Ay =0.0883 located at the wall. The viscous calculation used
the same streamwise mesh as the inviscid analysis to avoid
the interpolation that was found in previous interaction
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calculations' to cause oscillations. In the normal direction,
101 grid points were nonuniformly distributed from the wall
across the viscous layer to 4=1.45.

The IBLT calculations were performed in the computa-
tional region ABCD shown in Fig. 3, with the experimental
pressure distribution imposed along the outer boundary to
account for the boundary-layer blockage effect. In the pres-
ent calculations, a converged solution was obtained first
from a first-order IBLT analysis in which the pressure was
assumed constant across the boundary layer. This calcula-
tion, in which @=0.4, required 50 global iterations to reduce
the difference between the viscous and inviscid prediction for
u, to 1073, These results were then used to initialize the
IBLT calculation with normal pressure gradients. In the lat-
ter calculation, it was found necessary to reduce & to 0.2 to
obtain convergence, which was achieved in typically 20 addi-
tional global iterations. The reduction of the global relaxa-
tion factor is not surprising since the coupling between the
viscous and inviscid flows is significantly greater with the in-
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clusion of the numerical results for the equivalent inviscid
flow in the viscous defect equations.

Figure 4 shows a comparison of the present computations
from IBLT with the experimental data of Kooi'? for the wall
pressure, displacement thickness, and skin-friction coeffi-
cient for M, =1.4. Kooi used the same generalized defini-
tions of the displacement thickness in presenting his ex-
perimental results as have been used in the present
theoretical study. The skin-friction coefficient is based on
the flow properties at the boundary-layer edge, which in the
calculations has been defined where F=0.995F; and in the
experiment as the point where the pitot pressure became con-
stant. The position of the imposed normal shock wave is in-
dicated in Fig. 4.

The computed results, which were obtained with both the
CS and modified CS turbulence models with the pressure
varying (denoted by p,#0 in Fig. 4) across the boundary
layer, will be discussed first. Figures 4a and 4b show that
good agreement is obtained with the data with the present
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Fig. 5 Comparison of velocity profiles from IBLT (p, #0) with experimental data for M, =1.4 and Re,, =2.97 X 105.



MAY 1986

PROFILE LOCATIONS
Me=14] Xgn=36
-> 38

35
e ——
201 32 35 11.029 -
20
© 15 BOUNDARY-
i —LAYER_2 5
> 10k EDGE -
0.5+
0
0

08 00 10 10 101010 1.0 1010
Pl Py

25 44,880

Fig. 6 Variation of pressure across boundary layer from equivalent
inviscid flow (EIF) for transonic normal shock-wave/boundary-layer
interaction.

IBLT using the modified CS turbulence model. Comparison
of Figs. 4a and 4b shows that the turbulence model
modification simultaneously improves the agreement for the
wall pressure and the displacement thickness, which substan-
tiates the use of the displacement body concept in separated
flows. The comparison of the skin-friction results obtained
with the CS and modified CS turbulence models shows good
agreement with the data in the approach to the separation
point occurring just upstream of the location of the imposed
normal shock wave. However, downstream the modified
model underpredicts the experimental skin friction and,
therefore, predicts a larger separated flow region than that
found experimentally. Modification to the outer region of
the CS turbulence model has resulted in an improved predic-
tion of the wall pressure and displacement thickness; the lack
of agreement for the skin friction indicates that further work
is required to correspondingly improve the accuracy of the
IBLT with the modified CS turbulence model in the near
wall region.

One of the advantages of the present approach is that
IBLT computations can be made with and without normal
pressure gradients in order to assess the relative importance
of including pressure variations across the viscous layer.
Figure 4 also shows the wall pressure, displacement
thickness, and skin friction computed from IBLT without
normal pressure gradients. This calculation was made with
the modified CS turbulence model. Comparison of the
results in Fig. 4 shows that the effect of including normal
pressure gradients is relatively minor and has less of an im-
pact on the results than the change in the turbulence model
discussed previously. Although the present treatment of nor-
mal pressure gradients is an approximate one, it appears
from these calculations that the dominant viscous effect in
the prediction of separated transonic shock-wave/boundary-
layer interaction is the inclusion of displacement thickness
interaction. The solutions shown in Fig. 4 demonstrate that
meaningful results can be obtained with IBLT without the
inclusion of normal pressure gradients. The remaining results
shown will be from the IBLT analysis that included normal
pressure gradients.

Figure 5 shows a comparison of the computed and the ex-
perimental profiles for the u component of velocity at seven
streamwise locations upstream and downstream of the nor-
mal shock wave. The insert in Fig. 5 shows the x location of
these profiles; the corresponding station number used by
Kooi'? to label these profiles has also been included. Linear
streamwise interpolation was used in the calculations to ob-
tain the computed profiles at the same x location as those of
the experimental measurements. The edge velocity u, used to
normalize the u profile was determined by the same criterion
mentioned earlier for the respective theoretical and ex-
perimental boundary-layer thicknesses.
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Fig. 7 Comparison of streamwise pressure distributions from
IBLT (py;£0) and experimental data.

The velocity profiles shown in Fig. 5 illustrate the rapid
changes that occur in turbulent boundary-layer profile due to
an incident normal shock wave. For example, comparison of
the experimental profile at X= 0.4 with that just downstream
of the shock wave at x=3.8 shows the enormous change that
occurs in only three upstream boundary-layer thicknesses.
The velocity profiles in Fig. 5 show that the IBLT results ob-
tained with the modified CS turbulence model are in overall
better agreement with the experimental data than those
results obtained without this modification. The agreement is
particularly good in the outer region of the turbulent bound-
ary layer where this modification was made. Downstream of
the shock wave the modified model underpredicts the veloc-
ity recovery in the near wall region as was expected from the
skin-friction comparisons shown in Fig. 4. The results ob-
tained with the unmodified model show a higher velocity in
the wall region at each location than the modified model,
which is consistent with the skin friction difference shown in
Fig. 4. Despite the complexity of this flow, it is observed in
Fig. 5 that the overall growth of the viscous layer, which ap-
pears to have a distinct edge, is well predicted by the present
IBLT with the modified CS turbulence model.

The variation of the pressure across the boundary layer
from the EIF is shown in Fig. 6 for selected streamwise sta-
tions both upstream and downstream of the shock wave,
which is located at Xx=3.6. The X location of each of these
normalized pressure profiles is shown in a scaled drawing in-
serted into Fig. 6. Since the variation in the static pressure
across the viscous layer was insensitive to thé turbulence
model, only the IBLT results with the modified CS tur-
bulence model are shown in Fig. 6. The arrows on each of
the profiles are the edge of the viscous layer. The kink in the
profiles near the wall is at the displacement thickness since,
as was discussed earlier, the pressure was assumed constant
from 6* to the wall. Figure 6 shows the anticipated trend in
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the static pressure variation in that, in the immediate vicinity
of the shock wave, the pressure decreases with increasing y
upstream of the shock wave and increases with increasing y
downstream of the shock wave. The variation of the static
pressure across the viscous layer reaches a maximum of
about 10% in the immediate vicinity of the impinging shock
wave; as expected, this variation vanishes upstream and
downstream of this region as the flow returns to that of a
conventional constant-pressure boundary layer.

Figure 7 shows a comparison of the computed and
measured static pressure distributions at various y levels in
the flowfield. The IBLT results shown are those obtained
with the modified CS turbulence model. As mentioned
previously, the static pressure distribution at y = 6.8, which is
the location of the outer inviscid computational boundary,
was set equal to that measured by Kooi'? in order to account
for the effect of boundary-layer blockage. At the other y
locations shown in Fig. 7, the agreement of the IBLT result
with the experiment is good, except just downstream of the
shock wave where the pressure rise is overpredicted. This
overprediction in the interior of the flow may be due to the
neglect of the entropy rise across the shock wave.

Conclusions

In this paper, a technique based on an interacting bound-
ary-layer theory (IBLT) has been presented for the analysis
of transonic shock-wave/boundary-layer interaction with
particular emphasis on turbulent separated flow. In this
technique, a finite difference solution of the viscous-layer
equations, expressed in a defect form, is iteratively solved
with the finite difference form of the inviscid stream func-
tion equation. Normal pressure gradients and imbedded
shock effects have been included in the viscous-layer analysis
by assuming that the pressure in this region is the same as
that of the inviscid flow above the displacement thickness. In
this paper, IBLT calculations for separated flow along with
detailed comparisons with experimental data lead to the con-
clusions presented below.

The major conclusion drawn from the present work is that
this displacement thickness interaction is the dominant effect
which must be included in a viscous-inviscid interaction
scheme for the prediction of transonic shock-wave/bound-
ary-layer interaction where the shock is of sufficient strength
to separate the turbulent boundary layer. Comparisons with
the M_ =1.4 case measured by Kooi indicate that, for this
separated flow, the computed results show greater sensitivity
to the turbulence model than to whether or not normal
pressure gradients are included in the analysis. In this case,
the pressure was found to vary by only about 10% across the
viscous layer; hence, it is not surprising that the IBLT
calculations proved to be relatively insensitive to whether or
not this effect was included. In the future, additional data
comparisons should be made, particularly as the shock
strength is increased, to further substantiate this conclusion.

Favorable comparisons have been obtained with the pres-
ent IBLT for Kooi’s data for the pressure, displacement
thickness, and velocity profiles in which a modified Cebeci-
Smith turbulence model has been used. This modification,
which is a straightforward change in the length scale in the
outer region, provides encouragement that a simple eddy
viscosity model may be adequate for the prediction of many
of the flow properties in a turbulent separated flow.
However, the skin-friction comparison indicates that further
work is needed to improve this model in the inner or wall
region.
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